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A general linear interpolation problem is considered.Wewill call it the Appell interpolation
problem because the solution can be expressed by a basis of Appell polynomials. Some
classical and non-classical examples are also considered. Finally, numerical calculations
are given.
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1. The Appell interpolation problem
Let X be the linear space of real functions defined in the interval [a, b] continuous and with continuous derivatives of all
necessary orders.
Let L be a linear functional on X such that L(1) ≠ 0. We will pose the following general linear interpolation problem:
For any given set of values ωi ∈ R, i = 0, . . . , n, there exists a unique polynomial, Pn(x), of degree≤ n such that
L(P (i)n ) = i!ωi, i = 0, . . . , n? (1)
This problem has already been proposed in [1] and now we give the solution. We will call it the Appell interpolation
problem because the solution can be expressed by a basis of Appell polynomials [2–7,1,8–12]. The problem (1) contains, as
special cases, a large number of classical and non-classical examples of polynomial approximation of sufficiently regular real
functions. These polynomials can also find use in a number of applications such as integration and differentiation methods.
The work is organized as follows:
First, in Section 2, we give the definition of Appell polynomials related to a linear functional. In Section 3, we provide the
explicit solution of problem (1) andweextend the problem to any functions ofX , also considering the remainder. In Section 4,
we give some classical and non-classical examples. Finally, in Section 5, some numerical examples are considered, and in
Section 6 we give the conclusions.
2. Appell polynomials related to a linear functional
Given a linear functional L on X , with L(1) ≠ 0, we define the sequence of polynomials AL,n(x) of degree n by:
AL,0(x) = 1L(1)
A′L,n(x) = nAL,n−1(x)
L(AL,n(x)) = 0, ∀n ≥ 1.
(2)
The sequence of polynomials {AL,n(x)}n∈N defined by (2) is called an Appell sequence related to the linear functional L, in
honor of Appell, who in [3], first considered polynomials satisfying the second relation in (2).
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For the calculation of polynomials AL,n(x)we also have a determinantal form and a recurrence relation.
Theorem 1 ([1]). For Appell polynomials defined by (2) we have
AL,0(x) = 1
β0
AL,n(x) = (−1)
n
(β0)n+1

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β0 β1 β2 · · · · · · βn−1 βn
0 β0

2
1

β1 · · · · · ·
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
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
βn−1
0 0 β0 · · · · · ·

n− 1
2

βn−3
n
2

βn−2
...
. . .
...
...
...
. . .
...
...
0 · · · · · · · · · 0 β0

n
n− 1

β1

, n = 1, 2, . . .
(3)
where
βi = L(xi), i = 0, . . . , n. (4)
Proof. The polynomials defined by (3) and (4) satisfy (2), as proved in [1]. 
Theorem 2 (Recurrence, [1]). For Appell sequences AL,n(x) we have
AL,n(x) = 1
β0

xn −
n−1
i=0
n
i

βn−i AL,i(x)

, n = 1, 2, . . . (5)
Furthermore, equivalent definitions of Appell sequences, via recursion relation, are known in literature [2,4].
Classical examples of Appell polynomials related to a linear functional are:
• the canonical basis {xn}, the Appell sequence related to the functional L(f ) = f (0);
• the Bernoulli polynomials, Bn(x) [1,11], the Appell sequence related to the functional L(f ) =
 1
0 f (x)dx;
• the Euler polynomials, En(x) [1,11], the Appell sequence related to the functional L(f ) = f (0)+f (1)2 ;
For some non-classical examples we can refer to [1] and, moreover, for:
(i) L(f ) = 12
 1
0 (f (x)+ f (−x))dx
(ii) L(f ) = −  10 (2f (2x)− 2f (x)− f (−x))dx
we obtain, respectively, the Bernoulli type polynomials BIIn(x) and B
III
n (x), recently appeared in [12].
Appell sequences are usually defined via their generating function [2–4,11].
Theorem 3 (Generating Function). For Appell sequences AL,n(x) we have the following generating function:
G(t) = e
xt
Lx(ext)
(6)
where Lx means that the functional L is applied to the argument as a function of x.
Proof. Follows from the circular theorem proved in [1]. 
Now we can answer problem (1).
3. The Appell interpolation polynomial
We have the following
Theorem 4. Let L be a linear functional on X with L(1) ≠ 0, then for every choice of ωi ∈ R, i = 0, . . . , n, there exists one and
only one polynomial Pn(x) of degree less than or equal to n, such that
L(P (i)n ) = i!ωi, i = 0, . . . , n, (7)
i.e. the problem (1) has a unique solution.
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Proof. Let
Pn(x) =
n−
i=0
aixi, ai ∈ R, (8)
then, the conditions (7) lead to a triangular system of n+1 equations in the unknowns ai, i = 0, . . . , n. Under the hypothesis
L(1) ≠ 0 that system has a unique solution. 
Theorem 5. Let L be a linear functional on X with L(1) ≠ 0. For every choice of ωi ∈ R, i = 0, . . . , n, if AL,i(x) are the Appell
polynomials related to the functional L, defined by (2), then the polynomial
Pn(x) =
n−
i=0
ωi AL,i(x) (9)
satisfies the interpolation conditions (7), i.e.
L(P (i)n ) = i!ωi, i = 0, . . . , n.
Proof. The proof follows observing that, by the hypothesis on functional L and AL,i(x), we have
L(A(j)L,i) = i(i− 1) · · · (i− j+ 1)L(AL,i−j(x)) = j!

i
j

δij, (10)
where δij is the Kronecker symbol. 
Remark 6. For every linear functional L on X, {AL,i(x)}, i = 0, . . . , n, is a basis for Pn; in fact, by Theorems 4 and 5
∀Pn(x) ∈ Pn we have
Pn(x) =
n−
i=0
L(P (i)n )
i! AL,i(x). (11)
In particular
xn =
n−
i=0
n
i

βn−i AL,i(x), (12)
as already proved in [1] and in references therein.
Let us consider a function f ∈ X . Then we have the following
Theorem 7. The polynomial
PL,n[f ](x) =
n−
i=0
L(f (i))
i! AL,i(x) (13)
is the unique polynomial of degree≤ n such that
L(PL,n[f ](i)) = L(f (i)), i = 0, . . . , n.
Proof. Setting
ωi = L(f
(i))
i! , i = 0, . . . , n,
the result follows from Theorems 4 and 5. 
The polynomial (13) is called the Appell interpolation polynomial for f .
Now it is interesting to consider the estimation of the remainder
RL,n[f ](x) = f (x)− PL,n[f ](x), ∀x ∈ [a, b]. (14)
Remark 8. For any f ∈ Pn
RL,n[f ](x) = 0, ∀x ∈ [a, b] (15)
i.e. the polynomial operator (13) is exact on Pn.
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For a fixed xwemay consider the remainder RL,n[f ](x) as a linear functional which acts on f and annihilates all elements
ofPn. FromPeano’s Theorem [13, p. 69] if a linear functional has this property, then itmust also have a simple representation
in terms of f (n+1). Therefore we have
Theorem 9. Let f ∈ Cn+1[a, b], the following relation holds
∀x ∈ [a, b], RL,n(f , x) = 1n!
∫ b
a
Kn(x, t)f (n+1)(t)dt (16)
where
Kn(x, t) = RL,n[(x− t)n+] = (x− t)n+ −
n−
i=0
n
i

L((x− t)n−i+ ) AL,i(x) (17)
Proof. After some calculation, the result follows by Remark 8 and Peano’s Theorem. 
Remark 10 (Bounds). If f (n+1) ∈ Lp[a, b] and Kn(x, t) ∈ Lq[a, b]with 1p + 1q = 1 then we apply Hölder’s inequality so that
|RL,n[f ](x)| ≤ 1n!
∫ b
a
|Kn(x, t)|qdt
 1
q
∫ b
a
|f (n+1)(t)|pdt
 1
p
.
The two most important cases are p = q = 2 and q = 1, p = ∞:
(i) for p = q = 2 we have the estimate
|RL,n[f ](x)| ≤ σn|||f ||| (18)
where
σ 2n =

1
n!
2 ∫ b
a
(Kn(x, t))2dt and |||f |||2 =
∫ b
a
(f (n+1)(t))2dt (19)
(ii) for q = 1, p = ∞we have that
|RL,n[f ](x)| ≤ 1n!Mn+1
∫ b
a
|Kn(x, t)|dt, (20)
where
Mn+1 = sup
a≤x≤b
|f (n+1)(x)|. (21)
4. Examples
In the following we provide some examples of Appell interpolation polynomials related to a given functional.
4.1. Classical examples
4.1.1. Taylor interpolation
With the previous notation, setting L(f ) = f (x0), x0 ∈ [a, b] the polynomial AL,n(x) becomes
AL,n(x) = (x− x0)n (22)
and the interpolation polynomial (13) becomes
PL,n[f ](x) =
n−
i=0
f (i)(x0)
(x− x0)i
i! (23)
i.e. the Appell interpolation polynomial is the well known Taylor polynomial centered in x0.
From the remainder formula (16) we get
∀x ∈ [a, b], RL,n[f ](x) = 1n!
∫ x
a
(x− t)nf (n+1)(t)dt − 1
n!
n−
i=0
n
i

(x− x0)i
∫ x0
a
(x0 − t)n−if (n+1)(t)dt.
Let x < x0 and, observing that, in virtue of Remark 8,
(x− t)n =
n−
i=0
n
i

(x− x0)i(x0 − t)n−i
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we get
∀x ∈ [a, b], RL,n[f ](x) = − 1n!
n−
i=0
n
i

(x− x0)i
∫ x0
x
(x0 − t)n−if (n+1)(t)dt
= f
(n+1)(ξx)(x− x0)n+1
(n+ 1)! , ξx ∈ [x, x0]. (24)
4.1.2. Bernoulli interpolation
Setting L(f ) =  10 f (x)dx the polynomial AL,n(x) becomes
AL,n(x) = Bn(x) (25)
where Bn(x) is the Bernoulli polynomial [1,11] of degree n. Therefore, the interpolation polynomial (13) becomes
Bn[f ](x) =
∫ 1
0
f (x)dx+
n−
i=1
f (i−1)(1)− f (i−1)(0)
i! Bi(x). (26)
This polynomial is also known as polynomial expansion of a function into Bernoulli polynomials [11].
From the remainder formula (16) we get
∀x ∈ [0, 1], RL,n[f ](x) = 1n!
n−
i=0
Bi(x)
n− i+ 1
n
i
 ∫ 1
0
Gn,i(x, t)f (n+1)(t)dt (27)
where
Gn,i(x, t) =

(−1)n−itn−i+1 0 ≤ t ≤ x
−(1− t)n−i+1 x ≤ t ≤ 1 (28)
Indeed, in this case we have
Kn(x, t) = (x− t)n+ −
n−
i=0
Bi(x)
n− i+ 1
n
i

[(1− t)n−i+1]
and, observing that, in virtue of Remark 8,
(x− t)n =
n−
i=0
Bi(x)
n− i+ 1
n
i

[(1− t)n−i+1 − (−t)n−i+1]
we get
Kn(x, t) =

n−
i=0
Bi(x)
n− i+ 1
n
i

[(−1)n−itn−i+1] if 0 ≤ t ≤ x
−
n−
i=0
Bi(x)
n− i+ 1
n
i

[(1− t)n−i+1] if x ≤ t ≤ 1.
(29)
4.1.3. Euler interpolation
Setting L(f ) = f (0)+f (1)2 the polynomial AL,n(x) becomes
AL,n(x) = En(x) (30)
where En(x) is the Euler polynomial [1,11] of degree n. Therefore, the interpolation polynomial (13) becomes
En[f ](x) = f (0)+ f (1)2 +
n−
i=1
f (i)(0)+ f (i)(1)
2i! Ei(x). (31)
From the remainder formula (16) we get
∀x ∈ [0, 1], RL,n[f ](x) = 1n!
n−
i=0
Ei(x)
2
n
i
 ∫ 1
0
Gn,i(x, t)f (n+1)(t)dt (32)
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where
Gn,i(x, t) =

(−1)n−itn−i 0 ≤ t ≤ x
−(1− t)n−i x ≤ t ≤ 1. (33)
Indeed, in this case we have
Kn(x, t) = (x− t)n+ −
n−
i=0
Ei(x)
2
n
i

(1− t)n−i
and, observing that, in virtue of Remark 8,
(x− t)n =
n−
i=0
Ei(x)
2
n
i

[(1− t)n−i + (−t)n−i]
we get
Kn(x, t) =

n−
i=0
Ei(x)
1
2
n
i

(−1)n−itn−i if 0 ≤ t ≤ x
−
n−
i=0
Ei(x)
1
2
n
i

(1− t)n−i if x ≤ t ≤ 1.
(34)
4.1.4. Hermite interpolation
Setting L(f ) = 1√
π
 +∞
−∞ e
−x2 f (x)dx the polynomial AL,n(x) becomes
AL,n(x) = Hn(x) (35)
where Hn(x) is the normalized Hermite polynomial [5,1] of degree n. Therefore, the interpolation polynomial (13) becomes
Hn[f ](x) = 1√
π
n−
i=0
1
i!Hi(x)
∫ +∞
−∞
e−x
2
f (i)(x)dx. (36)
From the remainder formula (16) we get
∀x ∈ R, RL,n[f ](x) = 1n!
∫ x
−∞
(x− t)nf (n+1)(t)dt
− 1
n!
1√
π
n−
i=0
n
i

Hi(x)
∫ +∞
−∞
∫ +∞
−∞
e−x
2
(x− t)n−i+ dx

f (n+1)(t)dt. (37)
4.1.5. Laguerre interpolation
Setting L(f ) =  +∞0 e−xf (x)dx the polynomial AL,n(x) becomes
AL,n(x) = Lan(x) (38)
where Lan(x) is the Laguerre polynomial [5,1] of degree n. Therefore, the interpolation polynomial (13) becomes
Lan[f ](x) =
n−
i=0
1
i! Lai(x)
∫ +∞
0
e−xf (i)(x)dx. (39)
From the remainder formula (16) we get
∀x ∈ [0,+∞), RL,n[f ](x) = 1n!
∫ x
0
(x− t)nf (n+1)(t)dt
− 1
n!
n−
i=0
n
i

Lai(x)
∫ +∞
0
∫ +∞
0
e−x(x− t)n−i+ dx

f (n+1)(t)dt. (40)
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(a) Bernoulli interpolation. (b) Euler interpolation. (c) Hermite interpolation.
Fig. 1. Interpolation error of function (45).
4.2. Non-classical examples
4.2.1. Bernoulli generalized interpolation
Letw(x) be a weight function, setting Lw(f ) =  10 w(x)f (x)dx, the polynomial AL,n(x) becomes
AL,n(x) = Bwn (x) (41)
where Bwn (x) is the Bernoulli generalized polynomial [1] of degree n. Therefore, the interpolation polynomial (13) becomes
Bwn [f ](x) = Bw0 (x)
∫ 1
0
w(x)f (x)dx+
n−
i=1
1
i!B
w
i (x)
∫ 1
0
w(x)f (i)(x)dx. (42)
In the last one, the coefficients
 1
0 w(x)f
(i)(x)dx can be integrated by parts∫ 1
0
w(x)f (i)(x)dx =
i−
j=1
(−1)j−1[f (i−j+1)(1)w(j)(1)− f (i−j+1)(0)w(j)(0)] + (−1)i
∫ 1
0
w(i)(x)f (x)dx. (43)
For example, let [a, b] = [−π, π] andw(x) = sin(kx)with k even, then∫ π
−π
w(x)f (i)(x)dx
=

i+1
2−
j=1
(−1)j+1k2j−1[f (i−2j+2)(π)− f (i−2j+2)(−π)] + (−1) i+12 ki
∫ π
−π
cos(kx)f (x)dx, for i odd
i
2−
j=1
(−1)j+1k2j−1[f (i−2j+2)(π)− f (i−2j+2)(−π)] + (−1) i2 ki
∫ π
−π
sin(kx)f (x)dx, for i even.
In the case of Bernoulli generalized interpolation the remainder (16) becomes:
∀x ∈ [0, 1], RL,n[f ](x) = 1n!
∫ x
0
(x− t)nf (n+1)(t)dt
− 1
n!
n−
i=0
n
i

Bwi (x)
∫ 1
0
∫ 1
0
w(x)(x− t)n−i+ dx

f (n+1)(t)dt. (44)
Likewise we can obtain the Euler, Hermite, Laguerre generalized Appell interpolation [1].
5. Numerical examples
Nowwe consider certain simple interpolation test problems and report the numerical results obtained by using an ad hoc
‘‘Mathematica’’ code. In particular, we compare the error in approximating a given function with the interpolation Appell
polynomials studied in the previous section.
Example 1. Let us consider the function
f (x) =

e
x
2 , x ∈ [0, 1]. (45)
The error in the interpolation of the function (45) is plotted in Fig. 1.
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(a) Bernoulli interpolation. (b) Euler interpolation. (c) Laguerre interpolation.
Fig. 2. Interpolation error of function (46).
(a) Bernoulli interpolation. (b) Euler interpolation. (c) Hermite interpolation.
Fig. 3. Interpolation error of function (47).
In the case of Bernoulli interpolation (solid line) and Bernoulli generalized interpolation with Lw(f ) =  10 1√x(1−x) f (x)dx
(dashed line) we obtain an error less than or equal to the requested tolerance ϵ = 10−6 for n = 4. To obtain an error
of the same order with Euler interpolation (solid line) and Euler generalized interpolation with Lw(f ) = w1f (1)+w2f (0)
w1+w2 and
w1 = 12 , w2 = 13 (dashed line) we need an interpolation polynomial of degree n = 5. In the case of Hermite interpolation
(solid line) and Hermite generalized interpolation with Lw(f ) = 1√
π
 +∞
−∞ e
−|x|α f (x)dx and α = 3 (dashed line) we obtain
an error less than or equal to the same requested tolerance, respectively, for n = 6 and n = 5.
Example 2. Let
f (x) = ln(x2 + 10), x ∈ [0, 1]. (46)
The error in the interpolation of the function (46) is plotted in Fig. 2.
In the case of Bernoulli interpolation (solid line) and Bernoulli generalized interpolation with Lw(f ) =  10 sin(πx)f (x)dx
(dashed line) we obtain an error less than or equal to the requested tolerance ϵ = 10−4, respectively, for n = 4 and
n = 3. To obtain an error of the same order with Euler interpolation (solid line) and Euler generalized interpolation with
Lw(f ) = w1f (1)+w2f (0)
w1+w2 and w1 = 10, w2 = 15 (dashed line) we need an interpolation polynomial, respectively, of degree
n = 7 and n = 5. In the case of Laguerre generalized interpolation with Lw(f ) =  +∞0 e−sxf (x)dx and s = 3 (solid line) we
obtain an error less than or equal to the same requested tolerance for n = 6.
Example 3. Let
f (x) = 10 cos(x)+ sin
2(x)
10
, x ∈ [0, 1]. (47)
The error in the interpolation of the function (47) is plotted in Fig. 3.
In the case of Bernoulli interpolation (solid line) and Bernoulli generalized interpolation with Lw(f ) =  10 sin(πx)f (x)dx
(dashed line) we obtain an error less than or equal to the requested tolerance ϵ = 10−4, respectively, for n = 6 and
n = 5. To obtain an error of the same order with Euler interpolation (solid line) and Euler generalized interpolation
with Lw(f ) = w1f (1)+w2f (0)
w1+w2 and w1 = 1, w2 = 1100 (dashed line) we need an interpolation polynomial, respectively, of
degree n = 13 and n = 6. In the case of Hermite interpolation (solid line) and Hermite generalized interpolation with
Lw(f ) = 1√
π
 +∞
−∞ e
−|x|α f (x)dx andα = 4 (dashed line)we obtain an error less than or equal to the same requested tolerance,
respectively, for n = 10 and n = 6.
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6. Conclusions
In this paper we consider the non-classical interpolation problem
L(Pn[f ](i)) = L(f (i)), i = 0, . . . , n,
for any linear functional L, such that L(1) ≠ 0. This problem, called the Appell interpolation problem, includes a lot of
known cases such as Taylor, Bernoulli, Euler interpolation. The remainder is also studied and bounds are given. For future
investigation we will consider the interpolation series
∞−
i=0
L(f (i))
i! AL,i(x)
and consider the convergence conditions. Multivariate generalizations are also under consideration.
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